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O i Abstract 

o 

' We compute the matrix elements for pion emission from the nucleon induced by 

twist-two light-cone operators in the kinematics where the pion is close to threshold. 
It is shown that the results of heavy baryon ChPT are in agreement with the results 
OO ] from the soft-pion theorem approach. Therefore the amplitude of soft-pion emission 

is directly related to the generalized parton distributions in the nucleon. 

T— I ■ 

<N . 1 Introduction 
o 

' Hard processes are known to provide us with valuable information about the quark and 
^ ■ gluon structure of hadrons in terms of parton distributions and distribution amplitudes. 
Q . The generalized parton distributions (GPDs) [1, 2, 3, 4], entering the QCD description 
of hard exclusive processes, interpolate, in a sense, between usual parton distributions, 
distribution amplitudes, and elastic hadron form factors (for a review see e.g. [5]). GPDs 
"cji ] are low energy observables and therefore their dependence on the quark mass, small mo- 
mentum transfer, etc. can be studied with help of the chiral perturbation theory (ChPT). 

The main source of information about GPDs are exclusive reactions which can be 
studied at many experimental facilities [6]. At the same time the existing experiments 
^ I suffer from an ambiguity due to errors in the identification of the recoiling nucleon. The 
c3 I missing mass technique used for this purpose cannot distinguish between, for instance, 
one nucleon and a nucleon with a pion produced close to the threshold. An estimate 
of such a contamination was suggested in [7] using the approach of current algebra and 
PCAC (= soft-pion theorems). Recently, results of [7] were criticized in [8]. The authors 
of [8] used the chiral perturbation theory to calculate the same matrix elements of twist-2 
operators as in [7]. It was claimed that the two results do not match each other. The aim 
of our paper is to clarify this situation. 

In our presentation we consider for simplicity only twist-2 zsovector operators, a gener- 
alization to other operators is trivial. We construct the corresponding effective operators 
in ChPT in Section 2 and calculate their matrix elements for soft pion emission from 
the nucleon. In Section 3 we present soft-pion theorem (SPT) results and perform a 
comparison with the ChPT calculations. 
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1.1 GPDs in the chiral limit 



The nonlocal twist-2 light-cone matrix elements are parametrized in terms of the GPDs 
H, E, H and E as 
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where n is a light-cone vector, = 0, defining the separation of the fields in the 
operators; N and N are nucleon spinors; ^ denotes the standard skewedness variable 
^ = — |(A • n)/(P • n). The variable x has the meaning of momentum fraction carried by 
the quark with respect to the average momentum P of the nucleon. 
The following sum rules relate the GPDs to local form factors: 



L 

l\xE(x,^,A') = F^(A') - F,-(A'), 

Ff (0) = 1, ^,^^(0) = 0, F|(0) - F^{0) = np-Kn- 3.706, 



(3) 

(4) 

(5) 
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A^ — mi ' 



(6) 
(7) 
(8) 



where we use the notations M and rriT^ for the masses of the nucleon and the pion, 
respectively. To get a connection with heavy baryon ChPT we shall perform a non- 
relativistic expansion of the non-local matrix elements. For this purpose, we choose the 
Breit frame where 

P ^[M + 0{A^/M)]v, -u = (1,0,0,0), (A-'t;) = 0. (9) 

In this case, the momentum transfer is small , A ~ 0{e), where as usual in ChPT e is a 
small generic momentum. We shall also introduce the standard large mass decomposition 
for the nucleon spinors: 



iV(P- A/2) 



AM 



-)iV, + C»(A2), ^N, = N,. 



(10) 
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The power counting for the hght-cone variables is as follows: 

momentum fraction a; ~ C(l), (11) 
momentum transfer A ~ (12) 
skewedness { ~ C(A/M). (13) 

Performing an expansion of (1) and (2) with respect to the small parameter A we arrive 
at the non-relativistic expansion of the GPDs. The result can be written as 

'^^-ixx(p-n)^p ^ A/2\ij{Xn/2)^^ij{-Xn/2)\P - A/2) 
-oo 27r 2 

= qix){vn)N,^N, + 0{A), (14) 
^^-i.x(p.n)^p ^ A/2|V;(An/2)?^75^V(-An/2)|P - A/2) 

-oo ZTI 2 

= Aq{x)N,{S-nyN,-S{x)^4r^N,{S-AyN, + 0{A), (15) 

A^ — 

where q{x) = H{x, 0, 0) and Aq{x) = H{x, 0, 0) arc the isovector vector and axial-vector 
forward distributions in the chiral limit and S^j, = |75a^,yf is the covariant spin matrix. 



2 Light-cone operators in the effective theory 

In this section we briefly discuss the form of the isovector operators in terms of effective 
fields. We consider the SU (2) fiavor sector with the leading order effective Lagrangian 

A// = ^Md^Ud'^U^ + xU^ + X^U) + H,[{iv ■ D) + QAiu ■ S)]H,, (16) 
where as usual 

U{x) = exp(i7r"(a;)T7F^), x = 2Sdiag(m„, m^), (17) 

= i [u'dnU - ud^u'] , = - [u^df,u + udnu'] . (18) 

-D/i = + is the chiral covariant derivative and denotes the nucleon field in the 
heavy baryon approach. Under the chiral SU{2)l x SU{2)r transformation the fields 
change according to 

U'{x) = RUL\ H'^ = K{R, L, U)H^, u' = RuK^^ = KuL\ (19) 

where the transformation matrix K depends not only on the group elements L and R but 
also on the pion field U [9]. For simplicity, we do not consider contributions from spin-| 

A-resonanccs, since they arc irrelevant for the subject of our discussion. 

Our task is to find the leading-order expressions for the effective operators that cor- 
respond to the following light-cone QCD operators: 

y"(A) = i;{\n/2)f-^i:{-\n/2), (20) 
A'^{X) = V^(An/2)^75yV^(-An/2). (21) 
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We remark that we shall not perform the expansion in local operators because the non- 
local notation is simpler. 

The effective operators have to respect certain properties of their QCD counterparts. 
First, we note that the QCD operators (20) and (21) are isovectors, and that they trans- 
form with respect to parity according to 

y»(A) ^ y«(A), A"(A) ^ -A"(A). (22) 

Taking these properties into account, we find that the effective operators can be con- 
structed from appropriate building blocks in the following way: 

T/«(A) = ^^^Ci(A) H^lu^T^u + ut''v)]H^ + \c2{X) Hv{S ■ n)[v}T''u - ut''u'^]H^ + 

(pion part), (23) 

ill'll) — 1 — 

A"(A) = ^— ^C3(A) H^[v)t''u - i^rV]//^ + -Ci{X) H^{S ■ n)[u^T''u + lirV]//^ + 

(pion part), (24) 

where Cj, i = 1,2,3,4, are unknown functions of the variable A and, for brevity, we do 
not write explicitly pure pion contributions. 

The number of functions can be reduced further if we consider that under global 
SU{2)l X SU{2)ji rotations the operator combinations ^"(A) ± A"'{X) transform as pure 
right- and left-handed quantities, respectively: 

A%X)+V%\) = ^«(An/2)^r>«(-An/2), (25) 
^«(A)-F«(A) = -V5L(An/2)^T>L(-An/2), (26) 

where we use the definitions ipR^L = ^^^V'- According to the transformation laws given 
in (19), the same is true for certain combinations of the effective fields. Namely, for an 
arbitrary SU{2)l x SU{2)r transformation it turns out that 

{H^v)t''uH^)' = H^u^RW^RuH^, (27) 
{H^UT^'v) H„)' = H^uL^T^'Lu^H^. (28) 

Hence the correct transformation behavior of V(A) ± A" (A) can be reproduced only if 
the coefficient functions obey Ci = C3 and C2 — C4,. 

The remaining two functions are determined by comparing the nucleon matrix elements 
of the operators in the effective theory with the Fourier transforms of the leading order 
expressions (14) and (15), which read 

(P + A/2|V'^(A)|P-A/2) = {vn)Q{\)Nj-^N,, (29) 
(P + A/2|A''(A)|P - A/2) = Q{X)N,{S ■ n^N, - ^Ai^N,{S ■ A^N,. (30) 
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Here, the functions Q and Q are Fourier transforms of the corresponding parton distribu- 
tions: 

Q{X) = J'^dxe'''^^^-''^q{x), (31) 

Q(A) = y'^(ixe^^^(^-")Ag(a;). (32) 

Consequently, the functions Ci and C2 are fixed as 

Ci(A) = g(A), C2(A)=g(A). (33) 
Therefore, the final leading order expressions for the effective operators are 

1/«(A) = hv ■ n)Q{X)H^[uh''u + MrV]i/„ + Iq{X)H^{S ■ n)[uW''u - ut''v)]H^ + 

(pionterm), (34) 



A»(A) = hv ■ n)Q{\)H^[v)T''u - ut''v)\H^ + ]-Q{\)H^{S ■ n)[v)T''u + -urV]//^ + 

(pion term). (35) 

In conclusion, let us emphasize that the number of unknown functions in (23) and 
(24) was fixed using the behavior of the operators V°'{X) and A°'{X) under chiral trans- 
formations. In the paper [8] this was not done and as a result it was claimed that the 
final expressions for the effective operators contain additional unknown functions. Hence, 
the conclusion made in [8] about contradictions of the chiral perturbation theory with the 
soft-pion theorem derived in [7] seems to be incorrect and has to be reconsidered. Below 
we shall show that at tree level the correct effective operators give the same answer as 
the soft-pion theorem, as usually expected. 

The explicit form of the pion terms in (34) and (35) is not important. In the kinematics 
of the heavy baryon approach we shall need for actual calculations only contributions 
arising from the vertex corresponding to local vector and axial- vector currents. Therefore, 
here we skip the discussion of the structure of such terms. Let us only mention that similar 
issues in the pure pion sector were discussed in [11]. In particular, it was demonstrated 
that the chiral perturbation theory and SPTs, derived from the current algebra approach, 
give identical results. 

3 Soft pion emission 

In this section we evaluate matrix elements of the effective operators (34) and (35) between 
an initial nucleon state and a final nuclcon-pion state. Relevant diagrams are given in 
Fig.l. A direct calculation of these diagrams gives 
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a) 



b) / 



/ c) 



d) 



e) 



f) 



g) 



Figure 1: Chiral perturbation theory diagrams. The large black blobs denote the vertices of 
the effective operator. Dashed lines and solid lines with arrows represent the pion and nucleon, 
respectively. 

(P + A/2,7r'^(A;)|y3(A)|P - A/2) = -^Q(X)e,,,N,{S ■ nyN, + 

[k ■ v) A2 - mi 

where k denotes the small pion momentum and all other notations are the same as before. 
The first term on the right-hand side of (36) corresponds to the contribution of diagram 
a) in Fig.l, the second term is the result of the sum of contributions b) and c), and the 
third term originates from diagram d). Diagrams e), f), and g) do not contribute to the 
matrix element of the vector operator. 

For the axial-vector isovector operator we obtain 

(P + A/2,7r"(A;)|^=^(A)|P- A/2) = --L^v ■ n)QiX)e3abNyN, + 



F. (k ■ v) 



N^[{S ■k){S- n)T^T^ -{S-n){S- kyr'^jN^ + 



^d^Av"" 2 ^^1(3 ■ + ^))(^ • f^y^" -{S-k){S-{k + A))rV]Ar, + 
[k ■ V) [k + Aj^ — 

1 (A- + A) •//(/,•• i.) 



2P^ {k + A)^-ml 



esabNyT'N,. (37) 



Again, the first term on the right hand side of (37) is due to a), the second is due to b)-|-c). 
Further, the third term comes from f)+g) and the fourth is the contribution from e). In 
the local limit we have Q(0) — 1 and Q{0) — qa, so formulas (36) and (37) reproduce the 
correct expressions for the local currents which satisfy the following properties: 



d^'^l.^^i^ = 0, 5^^7M75y^ = 0{mi). (38) 

Our goal is to compare the ChPT results (36) and (37) with the corresponding soft- 
pion theorems (SPTs). A detailed derivation of the SPT formulas will be given in a 
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separate publication [10]. In this presentation we shall only discuss the connection of the 
SPT approach with ChPT. 

Before the presentation of the SPT formulas we introduce a set of slightly different 
notations which are convenient in this case. We shall use 



r - r" 



(39) 
(40) 



2M 



T 

~2 



(41) 
(42) 



{p'\A\\)\p)^N{p')V\{p',p,X)N{pl 



ri(p',p,A) 



-1 



(A-n) 
(2M)2 



(43) 
-. (44) 



With these definitions the soft-pion theorems for the matrix elements of the isovector 
operators read 



(p',x"(mv»(A)ip) = -^ij>'mx-{mp) 



+^Nip')4j,r'N{p) 



/\2 _ ^2 



i{n- k)e3ab + 0{e), 



N{p) 
(45) 



{p',n'^{k)\A'{X)\p) = --{p'\[Qt,A'{X)]\p) 



2{p' ■ k) 



^3ab 

'If! 



N{p'){/^ + 2]it)T'N{p) 



{k + A)2 - ml 



2(p-k) 
tF^{n-{A + k)) + 0{e). 



In the derivation of these formulas it is essential to assume 

0{e), k = 0{e), 



Nip) 
(46) 

(47) 



while in contrast to the ChPT counting (11) here it is not necessary to demand A^ = 
0{£'^). Note that in the particular range where |A^| ^ the explicit pion pole terms 
in (45) and (46) are of order A;, so within the overall accuracy of the SPTs they can 
be neglected. Therefore, in this kinematical region, our results are in agreement with 
corresponding formulas in [7]. 

For a comparison with the ChPT results (36) and (37) we have to consider the region 
A^ = 0{e^), i.e. we have to perform a non-relativistic expansion of the SPTs (45) and 
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(46). Let us show the procedure in some detail for the vector current formula (45). 
First, we have to evaluate the commutator [(55,y^(A)]. Since we are only interested in 
the leading-order contribution, we can restrict ourselves to the chiral limit where is 
time-independent. Then the commutation relations of the fields. 



[Q5,^] = -Y75^, [Q^,^] = -^75y, (48) 

can be used to calculate the commutator of with the light-cone operator V^{X). In 
this way we obtain for the first term on the right-hand side of (45) 

-irWQlV\X)]\p) = -'-^^'\A\X)\p) (49) 

- '^"^g(A)iV,(^ ■ n)r'N, + ^ ' ""^^t ^S ■ A)r'N^ + 0{e) , (50) 



where we used (30) to pass from (49) to (50). The first term of this contribution exactly 
equals that one of diagram a) in (36). The second term in combination with the pion pole 
in the last line of (45) is identical to diagram d). 

Consider now the second line on the right hand side of (45), which represents the 
contributions of the nucleon poles. In the non-relativistic limit we obtain 



9A 

2F^ 



N{p') 



{k ■ v) 



N{p) 

esabN,(S-kyN, + 0(e). (51) 



Comparing with (36) we find that the nucleon pole terms (51) correspond to the contri- 
butions of diagrams b) and c) in Fig.l. 

An analogous analysis can be performed for the axial-vector current as well. Again, the 
final expression is in agreement with the corresponding ChPT calculation (37). Therefore, 
we have demonstrated the agreement between results which have been obtained by two 
technically different ways. We would like to stress that this agreement is expected, because 
historically speaking, soft-pion theorems represented the first step in the development of 
ChPT. 



4 Conclusions 

Using the approach of chiral perturbation theory we calculated the soft pion emission 
from nucleon induced by twist-2 light-cone operators. It was shown that the soft-pion 
theorem results are in agreement with ChPT as it should be. We have found that the 
contradictions that were reported in paper [8] originate from the incorrect representation 
of the effective twist-2 operators given in that paper. 
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